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INTRODUCTION 
The purpose of this paper is to give an explicit procedure for the com- 
putation fthe equivariant Poincart series ofa complete symmetric 
variety, in terms of associated combinatorial objects. 
We recall that given G, a semisimple a gebraic group of adjoint type over 
the complex numbers, 0:G + G an order two automorphism, and letting 
H = G” = (g E G 1 g(g) = g), by a wonderful symmetric variety wemean a 
pointed smooth G-variety (Y,p) such that 
(1) Stab, p = H and Gp is open and dense in Y. 
(2) Y- Gp is either empty or the union of s smooth divisors 
D,, . . D,, each being the closure ofa single G orbit. 
(3) For any orbit 0 in Y one has that C? is the transversal intersec- 
tion of those of the divisors D, which contain 0,so that in particular fl is
smooth. 
One knows [DP2] how to classify such Y’s in terms of fans ubdividing 
a fundamental Weyl chamber for the restricted rootsystem associated to 
(G, a). Our purpose in this paper is to give aprocedure to compute the 
equivariant Poincart series 
Pc( Y, t) c rk( H !J Y)) t’ 
for such a Y in terms of the associated fan and of the Satake diagram of 
(G ~1. 
The paper is divided asfollows. In Section 1 we give the explicit om- 
putation fthe easiest and basic ase Y= G/H (in this case the fan is 
reduced toa point). 
In Section 2 we show, essentially interpreting results from [BDP], how 
to get he general formula from the results of Section 1.
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1. EQUIVARIANT BETTI NUMBER OF G/H 
We recall that, if G is any topological group acting continuously on a 
topological sp ce V, and we let EG + BG be the universal libration f rG, 
then we can consider the space EG xG. V, which is equal to the quotient of 
EG x V modulo the equivalence (es-‘, u)z (e, gu) for any e E EG, u E V, 
g E G, and, by definition he G equivariant cohomology, HF(V, R) of V 
with coefficients n a ring R is the singular cohomology ofEG xG V. We 
shall a ways take in what follows R =Q the field ofrational umbers and 
denote HT;( V, Q) by HF( V). The Equivariant Poincare s ries ofV is 
Pc,( V,t) =1 dim( H G( V)) t’. 
It follows immediately from the definitions thatif V = G/H, H being a
closed subgroup, then HF( V) = H$(pt.) = H*(BH) since EG xG G/H = 
BH. We shall now recall some well known facts about HT,(pt.) inthe case 
G is an algebraic group. 
(1) If U c G is the unipotent radical of G one clearly has, since U is 
contractible, that Hz(@) = H&,(pt.), so one reduces tothe case in which 
G is reductive. 
Let now G be reductive. If G is connected, then G is isogenous to a 
product TxG,x . . . x G, where T is a torus and the Gj’s are simple, thus 
since the Poincart series i not affected by isogenies, one has 
(1.1) P&L t) =P&L t) n P,W., t). 
i= I./l 
Now if T is a torus, dim T= n, then 
1 
PAP., 1) =(1 _ f2)n’ 
Indeed in this case H*,(pt.) isapolynomial ring in n generators of degree 2.
If G is a simple group then if we let Tc G be a maximal torus and 
W= N( T)/T be the Weyl group, then 
H;(pt.)= H*,(~L)~ 
and also in this case Hz(pt.) is a polynomial ring on n = dim T= rkG 
generators of degrees (2/r,, . . 2h,) where (hi - 1, .  . h, - 1) are the 
exponents of W which can be read from [B]. Thus 
(1.3) P&t., 2)=n l (f-. 
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Thus using (1.1) one gets a formula for P,(pt., t)in the case in which G 
is connected. 
Finally inthe general case let G, c G be the connected component of the 
identity, hen the finite group F= G/G, acts on H&,(pt.) and one has 
H;(pt.) = H&(pt.)” 
thus in this case one has to determine the Poincare s ries ofthe above ring 
of invariants which is in general rather complicated. In any case we see 
from the above that Hg(pt.) vanishes inodd degrees so that P,(pt., t)is 
a series inq = t2, so from now on we shall write P,(pt., q)for P,(pt., t). 
Having made these recollections, we now explain how to determine 
P,(G/H, q) in the case in which G is a semisimple group of adjoint type, 
O: G + G is an order two automorphism, and H = G”. 
We shall freely use Cartan’s classifications of symmetric pairs and refer 
to [H] for the results and notations. 
We say that a pair (G, a) (G a semisimple group of adjoint type, 0 an 
order two automorphism ofG) is simple if either G = H x H with H simple 
and a(h,, h2) = (A,, hi), or G is simple. 
It is well known that given an arbitrary pair (G, cr), we can find simple 
pairs (G,, a,), j= 1, . . Y, with G=nGj and if g=(g ,,..., g,)lies in G, 
@k) = (~lkl)? ...? a,(g,)). Thus one has 
(1.4) 
and one reduces to the simple case. 
If G = H x H and o(h,, h,) = (A,, H,), then clearly G”= H embedded 
diagonally and by the preceding remarks we know completely P,(G/H, q). 
So from now on we shall assume that G is simple. We let HO denote the 
connected component of the identity in H, and set F= H/H,. 
Using the classification of symmetric pairs we know in all cases 
Hz(G/H,) = H&,(pt.) sowhat we have to do is to determine and its action 
on H&(pt.). 
(1.5) LEMMA. Let (G, a) be as above and let G be a group covering G 
and 6:: G -+ G an order two automorphism covering u.If we denote by K the 
connected component of the identity in G”, we have an exact sequence of 
groups 
1 -+ Z(G)/KnZ(c) -+ N(K)/K+ F+ 1. 
In the case G is the universal cover of G, then K = C? and N(K)/K= 
n,(G/H), the fundamental group of G/H. 
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Proof Let us denote by p: C? + G the covering projection with kernel 
Z(G). One knows that N(H,)= H [DBl], so since K and H, have the 
same Lie algebra, itfollows that /J(K) = H, and p(N(K)) = H. Thus in 
order to prove our claim it suffices to ee that p-‘(H) = N(K). This follows 
immediately from the fact hat K is connected and Z(G) = ker ,u is finite. 
The second part follows immediately since we know [S] that if G is simply 
connected then i?” is connected. 
We remark that in all cases N(K)/K is a quotient ofzl(G/H). It follows 
from our Lemma that F is a quotient ofx,(G/H) and furthermore if c is 
interior equals z,(G/H). Indeed in this case letting G be the universal cover 
of G and d the unique cover of C, also 5 is interior and KS Z(G) so our 
claim follows from the lemma. 
The computation fx,(G/H) in all cases is given in [H, p. 5261 and 
using this and the above remarks we deduce the determination of F in all 
cases except he following: EI,EIV, AI, AIL DI with odd, DII. We shall 
discuss these case by case. 
EI, EIV. In this case x,(G/H) has order 3but KnZ(e) is central inK. 
On the other hand Z(K) is in both cases a2-group, soK n Z(G) = { 1) and 
F= (1). 
AI, AII. We begin with the case AII. In this case x,(G/H) = ZI+ ,, 
Z(G) = zzu+ l)> Z(K)=Z,. Thus IZ(G)/KnZ(G)I bl+ 1 and F= {l}. 
In case AI with I even Z(G) = Z,, , has odd order, since Z(K) has 
order at most two it follows that K n Z(G) = { 1 } and F= ( 1). When I 
is odd G is S1(2n), C(g) =’ g- ’ (’ meaning transposition) and the 
matrix -ZgZ(G) n K, so IZ(G) n Kj 3 2. On the other hand one knows 
IZ(G)n KI <2 so that we get F=Z,. 
In case DI 1 odd and DII we can take G = SO(2n) (G is not simply 
connected) F?equal to the conjugation by the matrix 
Z, being the m x m identity matrix (notice that he above matrix does not 
lie in SO(2n) so that d is not interior). 
lZ(c)l=2 and K=SO(l)xS0(2n-1) so that Z(K)=(l). If l<n then 
lrc, < G/HI = 2 and it follows that F= {l}. If I= n it follows inexactly the 
same way that IFI d 2, on the other hand one clearly has that he matrix 
normalizes K,so that F= Z,. 
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Notice that we have in particular shown that F is in all cases either 1 or 
Z, with the exception fthe case DI with I even and equal to the rank of 
G, in which case F= Z, x Z,. 
In order to finish our computations we need to compute the action of F 
on Hz(G/H,) = H&,(pt.). 
We remark that if g is interior, we can substitute G with any covering 
group G, [T with any covering involution 6, Ho with K and H with N(K) 
using the lemma. 
We first assume F= Z,, G of type A. For case AI 1 odd we easily see 
from the above discussion that H is isogenous to O(E+ 1) so that 
P&G/H, q) is well known. 
In the case AI11 
G = S1(2n), K=S(GZ(n)xGZ(n))={(; )d(n)} 
and clearly Z,acts by exchanging the diagonal A and B. 
One has that H:(pt.) = Q[t, x2, y,, . . x,, y,], deg t =2, deg xi = 
deg yi = 2i, and if 1 denotes the non-zero element in Z, one has L(t) = -t 
and 1(x,) = yi from this P,(G/H, q) is easily deduced. 
This finishes case A. 
For cases BI and BII one sees immediately that H x Z, z O(q) x O(p) for 
suitable p and q with p + q odd, thus also in this case P,(G/H, q) is well 
known. 
The cases CII and DI with 1 odd are completely analogous to the case 
AI11 treated above and left to the reader. 
In the cases CI, DIII, and EVII, Ho is the intersection of two maximal 
parabolic subgroups of opposite ype. The action of Z, is therefore induced 
by conjugation by the longest element in the Weyl group of G. It is then 
clear that the action of the non-zero element of Z, on HfJG/H) will be 
given by multiplication mes ( - 1)‘. From this the reader can easily 
compute P,(G/H, q). 
In case EV, if we choose a maximal torus T, in G of type E,, then 0 is 
given by conjugation by an element nE N( T,) representing thelongest 
element in the Weyl group: n has necessarily order 4 and n* E Z(G). Since 
K= SZ(8), ifwe choose r, to be a maximal torus in K, T,, is also amaximal 
torus in G and there xists x EG such that xT,x-’ = T,; from this and the 
properties of T, and T,, we get that m = x-lo(x) EN( To) and represents the
longest element in the Weyl group so has order 4 and ma(m-') =
m* E Z(G), thus m E N(K). Since m normalizes Toand acts on T,, sending 
each element o its inverse, itcannot belong to K = S(8), hence it 
represents thenon-zero element 1 in Z, = N(K)/K. It is then clear that he 
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action f1 on HG(G/H) will be given by multiplication times(- l)i. From 
this the reader can easily compute P,(G/H, q). 
In the case DI with 1 <rank G, 1 even then H, is isogenous to
SO(2h) x S0(2(n - h))( 1 =2h), thus H;(G/H,) = Q[x,, . . xhp,, t,, y,, . . 
y, Ph _, , t,] with deg xi = deg yi = 4i and deg t, =2h and deg tz = 2(n -h). 
The non-zero element A in Z, acts as the identity on the x,‘s and y,‘s while 
TABLE I 
Type of G/H Type of G Rank of GJH PdGIfL 4)
AI A,, 1 odd I 
,1+11,2 1 
p, (1 -PI 
AI11 A,“n =21- 1 I 
BI, BII B, I with 
I<n 
1021 1 
c(2n + 1 -‘1’2’ 1 -. 
hlJ, (1 -P) 
n- 
k=, (1 -q2k) 
CI C, I 
CII c,, I 
DI D,, I odd I As for CII 
DIII D, As for CI 
DI 
I ever 
l<n 
DI 
EV 
EVII 
C” 
c, 
E, 
E, 
,$4-p 
iz,,[“d u&l*> “‘9 q2’) (1+q,) 
rIf=, (1-PI 
1+q8+q’O+q’* 
(1 -q2)(1 -q4(1 -qy (1 -q8)(1 -q’o)(1-q’4) 
1 + q6 + q’O + q’h 
(1 -q2)2(1 -q6)(1 -q8)(l -q’2)(1 -q’R) 
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acts as - 1 on t, and t,. From this one has no difficulty in writing down 
P,(GIff> 9). 
Finally when F= Z, x Z,, i.e., in case DI with I= rank G, H, = 
SOP) x SWh)(l= 35) HF(GIH,) = QCx,, . . . . xh- ,, f,, Y,, . . . . Y,-,, fJ 
with deg xi = deg yi = 4i and deg t, = 2h and deg t, = 2h. We can take 
generators II, and 1, of Z, x Z, in such a way that I, acts as the identity 
on the x,‘s and y,‘s and as - 1 on t, and t, while 2,(x;)= y,, A,(t,)= t,. 
Again from this P,(G/H, q) is easily computed. 
In Table Iwe collect the results which one obtains when F# {e}. 
2. THE GENERAL CASE 
In this ection weshall fix apair (G, rr) once and for all. We set g= Lie G 
and denote by do the involution i duced on g. We choose a toric sub- 
algebra t, z g which is maximal with respect tothe property hat for any 
XEt,, da(x) = --x and choose a Cartan subalgebra t 2 t, which is 
automatically do stable. We denote by R the corresponding root system, by
R, the set of roots fixed by 0 and by R, the complement of R, in R. We 
choose now an ordering ofR in such a way that if c1 ER, + , a(a) ER, ~ Let 
d denote the corresponding setof simple roots, d = A n R,, A, = A n R,. 
Finally a will denote the set of simple restricted roots, r:A’ -+ d the restric- 
tion map, and C the fundamental Weyl chamber for the restricted root 
system corresponding to J. One knows that here is a canonical one to one 
correspondence between subsets rc d and faces of C. Now we want to 
associate to a face Fc C a new pair (GF, crF). To do this let I-c 3 be the 
subset associated to F. Set r’ = r ~ ‘(a- r) u A,. One knows that to r’ 
one can associate a parabolic subgroup P,, E G and one can see from the 
definition of P,, that if we denote S,, the solvable radical ofP,, then CJ 
induces an involution CJ~- on the semisimple adjoint group G, = P,,/S,,. 
The pair (G,, gF) is the pair associated o F. 
We remark that the various (G,, oF) can easily be read off from the 
Satake diagram of (G, a) as follows. Let F be a face of C. Tc d be the 
corresponding subset r” = r ~ ‘(r), then by removing from the Satake 
diagram of (G, 0) the nodes corresponding to the elements inI-“, we get 
exactly the Satake diagram of (G,, crF). Notice that if F= C, i.e., r= 3, 
then r’ = A,, and the corresponding Satake diagram consists ofthe black 
nodes of the Satake diagram of (G, cr) so (r, = id while if F= {0}, 
(G,, (TV) = (G, 0). For future reference we set rI; equal to the cardinality 
0f r/l. 
Thus to any face F of C we can associate he series P,(q) =
P,,(GF/H,, q), (H, = Gy) and this can be completely determined using 
the results ofSection 1. 
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If we now have a regular embedding of G/H, X, we know [DP2] that 
to X it is associated a fan (T subdividing C and that here is a canonical one 
to one correspondence between G-orbits inX and faces of Z with the 
following properties. Let ybe a face in C and let 0, be the corresponding 
G-orbit, hen: 
(a) dim ‘/ = codim 0,. 
(b) If we let F be the unique face of C containing y, then there is a 
point pE 0, such that he reductive part of the stabilizer of p is isogenous 
to the product of H, times a torus of dimension rY = rF + dim y-dim F. 
Furthermore one knows [BDP] that 
Pc(X 4) = 1 P,(O,, 4). 
;‘tz 
Thus putting everything together one has: 
THEOREM. Let X be a regular embedding of G/H. Let C be the 
corresponding ,fan and for any face F qf C set C, = {y E C 1 y E F}. Then 
p&K 4) =c P,(q) 1 l/(1 - qy; . 
1: L i’ t,Y. 1 
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